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Infinite Statistics

x′ = limN→∞
1
N

∑N
i=1 xi

σ2 = limN→∞
1
N

∑N
i=1(xi − x′)2

z1 = x1−x′
σ

Finite Statistics

x̄ = limN→∞
1
N

∑N
i=1 xi

S2
x = limN→∞

1
N−1

∑N
i=1(xi − x̄)2

t = x−x̄
Sx

Goodness of fit

α = 1− P
ν = N −m

χ2 =
∑
i

(nj−n′j)
2

n′
j

P (χ2) < 0.05 Good fit
0.05 ≤ P (χ2) < 0.95 Reasonable fit
P (χ2) > 0.95 Reject fit

Regression

First Order Polynomial fit

yc = ao + a1x

a1 =
N
∑N

i=1
xiyi−

∑N

i=1
xi
∑N

i=1
yi

N
∑N

i=1
x2
i
−(
∑N

i=1
xi)2

ao = ȳ − a1x̄

Second Order Polynomial fit

yc = ao + a1x+ x2x
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∑
x4
i

  ao
a1

a2

 =


∑
yi∑
yixi∑
yix

2
i


Correlation Coefficient

r =

√
1− S2

yx

S2
y

Number of Measurements

N = ( tν.95Sxd )2 (95%)
where, d=CI/2

CI = ±tν,95
Sx√
N

(95%)

Nneeded = NT −N1

Design Stage Uncertainty

ud = ±
√
u2
o + u2

c

Propagation of Error

1- z = x+ y, z = x− y
uz = ±

√
u2
x + u2

y

2- z = xy, z = x/y
uz
z = ±

√
(uxx )2 + (

uy
y )2

3- z = xmyn

uz
z = ±

√
(muxx )2 + (

nuy
y )2

Multiple Measurements Uncertainty

ux = ±
√
B2 + (tν,95P )2 (95%)

where,
B =

√
B2

1 +B2
2 +B2

3 + ....

P =
√
P 2

1 + P 2
2 + P 2

3 + ....

ν =
(
∑k

i=1
P 2
k )2∑k

i=1
(
P4
k
νk

)

where, νk = Nk − 1

System Response

Zero Order System

y = Ky(t)

First Order System -Step fn Input

y(t) = KA+ (yo −KA)e
−t
τ

Error Fraction

Γ(t) = y(t)−y∞
yo−y∞ = e

−t
τ

First Order System -Sine fn Input

y(t) = Ce
−t
τ + KA√

1+(ωτ)2
sin(ωt− tan−1 ωτ)

where,

B(ω) = KA√
1+(ωτ)2

φ(ω) = − tan−1 ωτ

M(ω) = 1√
1+(ωτ)2

β1 = φ(ω)
ω

δ(ω) = dynamic error = M(ω)− 1
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Second Order System - Homogeneous Response

0 ≤ ζ < 1

y(t) = Ce−ζωnt sin(ωn
√

1− ζ2t+ Θ)

where,
ωd = ωn

√
1− ζ2

ζ = 1

y(t) = C1e
λt + C2te

λt

ζ > 1

y(t) = C1e
λ1t + C2e

λ2t

Second Order System - Step fn Input (I.C.=0)

0 ≤ ζ < 1

y(t) = KA−KAe−ζωnt[ ζ√
1−ζ2

sin(ωn
√

1− ζ2t) + cos(ωn
√

1− ζ2t)]

ζ = 1

y(t) = KA−KA(1 + ωnt)e
−ωnt

ζ > 1

y(t) = KA−KA[
ζ+
√
ζ2−1

2
√
ζ2−1

e(−ζ+
√
ζ2−1)ωnt +

ζ−
√
ζ2−1

2
√
ζ2−1

e(−ζ+
√
ζ2−1)ωnt]

Second Order System -Sine fn Input (I.C.=0)

y(t) = yh(t) + KA sin(ωt+φ(ω))√
[1−( ω

ωn
)2]2+( 2ζω

ωn
)2

where,

φ(ω) = tan−1(− 2ζ ω
ωn

1−( ω
ωn

)2 )

Thermocouple

αAB = ∂(emf)
∂(T )

Qπ = πABI

Qσ = σI(T1 − T2)

E =
∑i

0 ciT
i

R = ρl
A

Strain Gauge

σ = FN
Ac

ε = δL
L

el =
kt(

εl
εa

+νo)

1−νokt × 100

δEo
Ei

= GFε
4

δEo
Ei

= kGFε4



Dr. George Youssef ME335 3



Dr. George Youssef ME335 4



Dr. George Youssef ME335 5



Dr. George Youssef ME335 6



Dr. George Youssef ME335 7



Dr. George Youssef ME335 8


